A recursive algorithmisdevelopedforthesolution of the simulation dynamics problem fora chain of rigid bodies.Arbitraryjointconstraints arepermitted, thatis, joints may allowtranslational and/or rotational degreesoffreedom.The recursive procedureisshown to be identical to thatencounteredin a discrete-time optimalcontrol problem. For each relevant quantityin the multibody dynamics problem, thereexists an analogin thecontextofoptimalcontrol. The performanceindex thatisminimizedinthe control problem isidentified as Gibbs'function forthe chainof bodies.
Introduction
The need to predict the motion of robotic systems in terrestial and and space applications has focused attention on the area of multibody dynamics.
In this paper, we treat the simulation dynamics of a chain of rigid bodies. Given the external force distribution and control influences acting on the chain, we show how its subsequent motion, namely, the joint accelerations, can be determined using a recursive procedure.
The equations of motion and kinematical constraints constitute a two-point boundary value problem. The key to its solution is the elimination of the constraint forces which exist at each joint. Our method in this regard is a generalization of that used by FEATHERSTONE [1983] for single degree of freedom joints, although FEATHERSTONE [1987] has explained how the extension to general constraints can be effected.
Recently, RODRmUEZ [1987] has pointed out the similarity between the equations describing a chain of hinged bodies and those that arise in discrete-time optimal estimation and smoothing problems. His approach has utilized the correspondence with optimal filtering (the Kalman filter) and smoothing (the Bryson-Frazier smoother). Here, we show that the equations are identical in form to an optimal control problem.
In fact, there is a one-to-one correspondence between the elements of the multibody dynamics problem and the control problem. The feedback solution for the control in terms of the state is precisely that which yields the joint accelerations in terms of the body accelerations. The analogy is further uncovered by identifying the performance index (written in terms of the chain dynamics) as GIBBS ' [1879] function.
The major benefit of a recursive solution of the simulation problem is its computational efficiency.
One avoids dealing with the system of equations describing the system in its entirety. This would involve Gaussian elimination of the global mass matrix at each time step. The computational consequences of this can be quite substantial since the number of calculations involved in a recursive solution grows linearly with the number of bodies whereas the Gaussian elimination obeys a cubic relationship.
one degree of freedom and at most six. For convenience, we shall assume interbody translations to be small; however, the extension to large translations can be incorporated into the present formulation. For additional details on the derivation of the equations of motion, the reader should consult SINCARSlN & HUGHES [1989] .
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where f_n-1 and gnn-t are the reaction forces and torques on Bn due to Bn-S as expressed in .Tn. The resulting equation of motion for 13n can be written as 
The motion of
where
and (.)x operating on a Cartesian (3x 1) column matrix, such as vn, _a, or On, is the matrix equivalent of the vector cross product.
In a rate-linear model, one would set fnt = 0.
Interbody Constraints
The set of equations (3) where "P. is a projection matrix and vn_ is the column of free joint (rate) variables.
The absolute velocities
vn can be obtained recursively from vn-I and vn-r.
We also note that
where fn,ext is due to solely to external influences. Furthermore, the generalized interbody forces :f_-I can be expressed as a sum of control forces f,,c and constraint forces fn,o, i.e.,
The projection matrix Q,, is the complement of "Pn.
Projection Matrices
A few words are perhaps in order regarding the projection matrices. We may also add that v,. r = "Y3, where 73 is the angle of rotation.
In general, "Pn is not constant, as above, but rather is dependent on configuration. Contemplation of a universal joint will quickly reveal this fact• The columns of "Pn are in general not orthonormal but
where is 2"_ is nonsingular.
The complementary projection matrix Q. satisfies T 7_,, Q,, = O Without loss in generality, the columns of Qn can be taken as orthonormal.
(10)
Kinematical Equations
The kinematical equations accompanying the dynamical equations (3) can be summarized in terms of Tn,n-1:
¢On,int we can extract from (11), 
The extension to the nonlinear case (and, in fact, to elastic multibody trees) will be straightforward from here, although not totally without some algebraic effort.
Recursion for f_-I
We conjecture that the interbody forces f_-i can be written as
. (15) which is a generalization of Featherstone's hypothesis. Note that @, is, in effect, a mass matrix and ¢_ is a generalized force quantity. The recursive algorithm is based on this result and the fact that @n and q_, can be determined recursively from BN to/30.
The proof of (15) is by induction:
Step I. ForBN, 
Step II. We assume that (18) Step III.
NOW, and
Given (18), we shall show that (14) follows. Substituting (7) into (14) yields
(20)
(Note that the terms involving the time derivatives of Tn+l,n and _n+l are omitted since they are nonlinear T rate terms.) Substituting (21) and (8) in (19) and premultiplying by "JI_n+l gives
Jr 'Pn+l_n+lTn+l,nVn
where, in general,
Solving for/_n+l,_ from (22), inserting back into (21) and using the result with (18) in (19) eventually leads to
Hence, we can identify
Step IV. By induction, then, (15) 
Examining this result, we see that at Bn all the quantities on the right-hand side are known since 1)n-1 can be computed recursively from its inboard neighbor according to (21). 
such that an = Tn,n-lan-1 + "P,.,vn-r
Inserting (27) into (5) 
Recursion for f_-l
In general, then, for rigid multibody chains
Note that _n is the same as before; however, (34), we can rewrite the first of (24) as
which is a more streamlined expression. 
The necessary conditions for optimality,
OY' OY' OY'
_gAk+_ -0xk -0uk 
Since Sg = MN is symmetic and positive-definite, St is symmetric and positive-definite (using backwards induction).
Hence, Rt defined previously is positive-definite and is always invertible.
The optimal control policy can now be summarized as follows: one solves the Riccati equation (45) (or (47)) and the vector equation (46) backwards from k = N to k = 0 using the boundary conditions Sy = MN and rg _-hN. The optimal control can then be calculated using (44) We also emphasize that recursion in time (k) has been replaced by spatial recursion (n) at a given instant in time.
Using the above identifications, the performance index ,7 can be written as 
to the kinematical constraints.
In the work of RODRIGUEZ [1987] , he points out the similarity between the equations describing a chain of hinged bodies and the TPBVP that arises in discrete-time, optimal estimation and smoothing problems. In his formulation, the bodies in the chain are numbered inwardly (i.e., the tip body is B0 and the root body is BN).
Here, the numbering of the bodies is outward (the root body is B0 and the tip body is BN Step 1. At time t, the relative velocities ruT(t) and the rotation matrices Cn,n-l(t) are known.
Step 2. Outward recursion for the velocities Vn and determination of fn,net:
Do n = 0 to N; Generate T,,,n-1 using C,,,-1.
Next n.
Step 3. InwardRecursion for _n and Pn:
Set _N = .a,4N and PN = --fN,non" Don=N-lto0; Step 4. Outward Recursion for bnT:
Otherwise,/_o_ -1 = 0pp[:f0,¢ -'hop],a0 = '0v0 .
Do n = 1 to N;
Cn n--i X , _ --QJn,intCn,n-1 an = _l_n,n-lan-1 "4-*_nVn7
Step 5. Estimate VnT(t + At), Cn,n-l(t + At) using some quadrature scheme.
Go back to
Step 1 and replace t with t + At.
This completes the summary of the recursive simulation procedure.
Note that in a rate-linear simulation, one ignores the contributions of fn! and fn,non to fn,net in Step 2. We have written the recursion for @n and Pn, in Step 3, in terms of the quantities K;, and rn+l,n since this leads to the most compact and efficient expressions.
The fourth step produces the joint acclerations /_n_ which can be integrated in conjunction with the kinematical relationships for the rotation matrices to produce the joint orientations/positions and velocities.
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Concluding Remarks
Given the forces on a chain of rigid bodies, we have shown that the accelerations of the bodies can be determined using the recursive procedures of discrete-time optimal control. The underlying analogy that makes this possible yields great insight into the structure of the multibody dynamics problem. 
